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In this paper we combine atomic and molecular data, which are displayed in their
periodic systems, in such a way as to take the discrete gradient. Then we act on the
resulting vector field with the discrete vector divergence. The curl is obviously zero; the
scalar field is conservative. We act on the original data with the discrete Laplacian ope-
rator (the iterated average utilizing only data on a border which contains the extreme
values). The properties considered are atomic electronegativity, ionization potential and
radius; and diatomic-molecular dissociation potential and internuclear separation. The
calculus should work well to highlight the local energy minima of the nuclear valley of
stability.
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1. Introduction

Consider the values of some property archived at the locations of the
elements on a flat, orthogonal, and preferably compact, periodic table or at the
locations of diatomic molecules on a cross-section of their periodic system. Data
for alloys lying between the locations of atomic elements, and for Bertheloid
species lying between molecules, will be ignored. We characterize the values as
vector fields by taking what amounts to a discrete gradient; this allows for visua-
lization that complements the use of contours. The divergence of the vector field
can highlight features such as secondary periodicity. We take the iterative average
of the data by forming what amounts to the discrete Laplacian and this allows
for the prediction of data.

1.1. Theory

Any property is designated as P and its values for the atomic elements
are denoted as P(x, y)≡ P(C, R), where C is the group number and R is the
period number. A unit cell of the field has corners ul (upper left), ur, ll, and
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ul ur

UL C + UL R UR C + UR R

ll lr

LL C + LL R LR C + LR R

Figure 1. A portion of the discrete space. The corners of a unit cell (four atoms) are designated
with lower-case letters. The data there determine the two components of the vector (smaller box) at
the center of the cell according to Eq. (1). Four such vectors are indicated, each with unit vectors
C and R. Their “amplitudes,” such as UL, indicate the positions of these vectors with respect to
each other. The four R amplitudes, and the four C amplitudes, (at the vertices of the larger boxes)
are combined to determine the divergence at the center of the figure, lr, according to Eq. (2). This
position coincides with that of an element in the periodic chart.

lr (lower right). The discrete operators defined here are used in many texts on
mechanics and electrodynamics in the process of deriving the theorems of Gauss
and Stokes, especially older ones (For instance [1, 2]).

The gradient is

V = ∇ P = {[(ur − ul)+ (lr − ll)]/2}C + {[(ur − lr)+ (ul − ll)]/2}R (1)

where C and R are unit vectors in the directions of increasing group and period
number in the chart of the elements. All four sides of the cell (figure 1) are used
in the definition of the vector, which is therefore defined as at the center of the
cell. This vector differs from those often seen on charts of the nucleids: it is not
at the location of, and does not represent, an individual object and it does not
represent a transmutation. The components will be negative if the average hori-
zontal or vertical values decrease to the left or downward.

The divergence is found from the vectors V at the centers of four adjacent
cells, as shown in figure 1.

∇ · V = {[(UR − LR)+ (UL − LL)]/2} · 1

+{[(UR − UL)+ (LR − UR)]/2} · 1 (2)

The first term is the change in the averaged left and right vertical components of
the vector field, VR , flowing through the unit-length horizontal sides of the rec-
tangle shown in figure 1. The capital letters differ in meaning from the lower-case
letters used above; they indicate which vertical component of four vectors, VR ,
is being used. The second term is the change in the averaged upper and lower
horizontal components of the vector, VC , flowing through the unit-length ver-
tical sides of the second rectangle imagined in the figure. The divergence thus
defined exists at the element locations in the centers of the cells, lacking those
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Figure 2. The vector field of en for the elements in short form of the periodic table (ignoring the
rare-earth elements). Vector magnitudes are relative; a few element positions are shown to illustrate
how four of them are needed to define one vector.

Figure 3. Same as figure 2 except for the short main-group portion of the periodic table. the line of
metalloids is shown.

at the edges (which are sacrificed to define the vectors). The chemical element is
a source if the net flow out of the four sides of the unit cell is positive.

The Laplacian ∇2 P is found for elements at locations (C, R) in the perio-
dic table by iterative averaging, in the C and R directions, using only the known
values (which must include the extreme values) on a boundary of the region [3].
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Li Be B C N O F

  1.5 2.0 2.5 3.0 3.5

Na Mg Al Si P S Cl

0.9 1.2 1.5 1.8 2.1 2.5 3.0 

1.4 1.8 2.3 2.6 2.9 

K Ca Ga Ge As Se Br

0.8 1.0 1.6 1.8 2.0 2.4 2.8 

1.3 1.7 2.0 2.3 2.6 

Rb Sr In Sn Sb Te I

0.8 1.0 1.7 1.8 1.9 2.1 2.5 

1.1 1.6 1.9 2.1 2.3 

Cs Ba Tl Pb Bi Po At

  0.9 1.8 1.8 1.9 2.0 

Figure 4. The values of ∇2(en), the iterated averages, of en for the elements in the space with cor-
ners at Mg, S, Sr, and Te are shown in italics. The tabulated values are shown in normal font; those
at the four outer corners are not needed.

Now consider the values of some property archived at the locations of
diatomic molecules in their four-dimensional periodic system [4, 5]. The defini-
tions given above can be applied immediately to molecules lying in a plane sec-
tion of the periodic system, such as one defined by fixed atomic period numbers
R1 and R2.

2. Results

2.1. Electronegativity

Figure 2 shows V for Pauling electronegativities [6] (en) on the “short form”
of the element chart (omitting H, He, Ne, and Ar). The vectors are located at
half-integer coordinates. The periods are arbitrarily defined with Li, Na, K, Cu,
Rb, Ag, Cs, and Au starting periods 1–8; the elements in group 8 are Fe, Kr,
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Figure 5. The same as figure 3 except for IP, along with the line of metalloids. The four atoms
shown define the thin vector at top left.

Figure 6. Divergences derived for the vectors in figure 5.

Ru, Xe, Os, and Rn. The rare-gas en are given in [7]. The alternating vector
directions show a defect of this chemical form of the periodic chart. Figure 3,
includes only the main-group elements, with Li, Na, K, Rb, and Cs starting per-
iods 1 through 5; it has only a very small alternation.

Figure 4 shows ∇2(en) in the main-group portion of the periodic chart.
Only the tabulated values on the border of the rectangle were used to compute
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Figure 7. Same as figure 3 for rP.

Figure 8. Divergences derived for the vectors in figure 7. The named atomic locations are at the
corners of the array; the highest value pertains to silicon.

the Laplacian. The averages of the absolute percentage differences of the
Laplacians from the tabulated values is 14% with σ = 7.4%, adequate for rough
estimation.
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Figure 9. The vector field of Do
o for the diatomic molecules formed from row-2 atoms. The diago-

nal line with horizontal and vertical termina represents the path of least descent from the maximum
value(s) at CO and OC to the low value at BeF and FBe [14]. N2 has a slightly lower Do

o than the
maximum values, so the directions of the short vectors are almost parallel to the diagonal line. Vec-
tor magnitudes are relative.

2.2. Ionization potential

Figure 5 gives the gradients for ionization potentials (IP) [8]. The much lar-
ger vector magnitudes in the top row are a result of the “edge effect,” i.e., the
relatively much higher (or for some properties lower) values in the period contai-
ning Li to Ne. The divergences of the field are presented in figure 6. The periodi-
city as the group numbers change in the periods (numbered as above) is obvious.
The Laplacian results for IP have been presented previously [9].

2.3. Atomic radii

The gradients for rψ (the radii of maximum charge density in the outermost
orbital antinodes) [10] are in figure 7 and the divergences are in figure 8. The
alternation of amplitudes in figure 7 and the consequent valley in figure 8 are
clear manifestations of second periodicity [11]. ∇2(rψ) has been discussed earlier
[12]. The gradients for rcov (the covalent radius) [13], not shown, are, not surpri-
singly, similar to those in figure 7. Also not shown are ∇2(rcov), for which the
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Figure 10. The vector field of re for the diatomic molecules formed from available data for
molecules containing row-2 atoms.

average of the absolute percent differences from the tabulated values is 7.7% with
σ = 6.6%.

2.4. Molecular dissociation potential

Data for properties of fixed-period diatomic molecules, plotted on the ato-
mic group-number coordinates C1 and C2, lie in an orthogonal lattice just as do
data for atoms in the element chart, although unfortunately many of their values
are unknown. Results for V of dissociation potentials (Do

o) [14] are presented in
figure 9. That so many vectors are defined in the figure is due to the fact that this
property has essentially zero-magnitude values for rare-gas molecules.

It can be expected from figure 9 that the divergences at N2, NO, and CF
are larger and those at O2, F2, OF, and NF are smaller. The Laplacian field
∇2(Do

o) has been presented earlier [12, 15, 16]. The iterative averaging procedure
predicts the values for five non-redundant molecules (CF, OF, F2, NO, and O2);
the average of the absolute differences from the tabulated values is 1.42% (with
Φ = 14.7%, which shows that discrepancies for individual molecules are fairly
large). A preliminary discussion of how to visualize this procedure in four (non-
orthogonal) dimensions is given in [16].
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2.5. Molecular internuclear separation

The gradients for the internuclear separation (re) [14] are shown in
figure 10. Their general tendency is opposite to that of Do

o except that the mini-
mum is at N2 and not at CO and OC. For both properties, the results for higher-
period molecules must be similar to those with (R1, R2) = (2, 2) [17, 18] except
that in cases like (R1, R2) = (2, 3) the display is no longer symmetrical with
respect to reflection through the line from upper left to lower right. Also, for
higher-period molecules there are fewer and fewer data. From the vectors in
figure 10 one can derive only two values of the divergence.
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